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By incorporating both the tensor-to-scalar ratio and the measured value of the spectral index,
we set a bound on solo small field inflation of ∆φ/mPl ≥ 1.00
√
r/0.1. Unlike previous bounds
which require monotonic V , |ηV | < 1, and 60 e-folds of inflation, the bound remains valid for
non-monotonic V , |ηV | & 1, and for inflation which occurs only over the 8 e-folds which have been
observed on the cosmic microwave background. The negative value of the spectral index over the
observed 8 e-folds is what makes the bound strong; we illustrate this by surveying single field models
and finding that for r & 0.1 and 8 e-folds of inflation, there is no simple potential which reproduces
observed CMB perturbations and remains sub-Planckian. Models that are sub-Planckian after 8
e-folds must be patched together with a second epoch of inflation that fills out the remaining ∼ 50
e-folds. This second, post-CMB epoch is characterized by extremely small V and therefore an
increasing scalar power spectrum. Using the fact that large power can overabundantly produce
primordial black holes, we bound the maximum energy level of the second phase of inflation.
I. INTRODUCTION
In this paper we find that if the BICEP2 result [1]
indicating a large tensor-to-scalar ratio is confirmed,
then sub-Planckian single field inflatons are severely re-
stricted. While sub-Planckian inflatons are not tech-
nically extinct for r & 0.05, the remaining examples
will range over ∆φ & 0.7 mPl and are “sub-Planckian”
in name only. Moreover, we find that these barely
sub-Planckian models must splice together two qualita-
tively different periods of inflation: one with the inflaton
rolling quickly enough to generate tensor modes, and one
with the inflaton rolling extremely slowly to remain sub-
Planckian while generating the rest of inflation.
It is customary to motivate a period of cosmological in-
flation by pointing out problematic levels of isotropy and
homogeneity in our universe. The well-established pri-
mordial epochs of matter and radiation dominated ex-
pansion, which are evident in big bang nucleosynthesis
and the uniform temperature of the cosmic microwave
background (CMB), funnel back in time to a singular
conclusion: the universe is too flat and causally con-
nected to have expanded throughout its history with a
scale factor proportional to tn with n > 0. These flat-
ness and horizon problems can be solved with a period
of negative pressure that feeds an exponential expansion
of the early universe, during which the universe’s scale
factor a grows as eHt where H ≡ a˙/a. In order to be
observed, such a period of exponential expansion must
end. To this end we employ a quantized scalar field. The
potential of a slowly rolling scalar field weakly breaks
the time symmetry of exponentially expanding de Sitter
space, making it quasi de Sitter, and thus permits the
end of inflation.
Quantized scalar fields vary as φ → φ + δφ, and
so the variation of a de Sitter-sourcing action creates
primordial scalar perturbations. Here the action be-
ing perturbed with respect to scalar degrees of free-
dom is the Einstein-Hilbert action for a scalar field,
S =
∫ √−g[ 12R + 12gµν∂µφ∂νφ − V (φ)]. The primordial
scalar perturbations thus obtained have been observed in
the different path lengths of photons in the cosmic mi-
crowave background and in the large scale distribution
of matter in galactic surveys. Tensor perturbations of
the Einstein-Hilbert action, on the other hand, do not
depend on the form of the scalar potential, but rather on
its magnitude. That is, they are set by the logarithmic
rate of expansion of the universe H = δt(log a). A typ-
ical scalar potential is invariant under tensor perturba-
tions, and the primordial tensor perturbation amplitude
is solely a function of the energy density of de Sitter
space, linked to the expansion rate of the de Sitter hori-
zon. From the radiative perspective, the de Sitter horizon
sources gravitons which become gravity waves, and the
universe acts as a giant gravity wave interference plate,
with photons Thomson-scattered off recombining globs
of charge density as its signal.
If the scalar potential sources the vacuum energy of de
Sitter space and
m2PlV
2
φ
2V 2 ≡ V  1, where Vφ ≡ dV/dφ,
this is called slow-roll inflation. Often it is required that
m2PlVφφ
V ≡ ηV  1, but this is somewhat extraneous [2],
as we will discuss.
There are two ways to achieve inflation in a slow-roll
potential (
m2PlV
2
φ
2V 2  1): the potential can be “Planck
flat” or “Planck fat”, more often identified as small or
large field inflation. The field trajectory is Planck flat
if the smallness of Vφ drives inflation. The smaller V is
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2with respect to the Planck scale, the smaller Vφ must be
for successful Planck flat inflation. Planck fat inflation,
on the other hand, is driven by a roughly Planckian field
excursion during inflation: ∆φ ∼ mPl. We note that it
is customary to define the value of φ as φ∗ at the scale
where CMB measurements (r, ns − 1, As) are centered,
which is the pivot scale, and to define φe as the field value
at the end of inflation. This leads to ∆φ ' |φ∗ − φe|,
where here we indicate a near equality, because a typical
pivot scale k∗ ∼ 0.002 Mpc−1 is a little smaller than the
Hubble scale kH = H0 ∼ 10−4 Mpc−1.
There are theoretical considerations which must be ad-
dressed for Planck fat and Planck flat inflation. It is not
always possible to calculate perturbative corrections to
Planck fat inflation. Consider the term c|φ|
5
Λ . For an
order one coupling constant c, and a Planck field range
of ∆φ ∼ mPl, a “sensible” cutoff scale must be super-
Planckian. Given this, one might argue that Planck fat
inflation is not describable with a normal effective field
theory. To the contrary, one could argue that φ simply
must be weakly coupled to any new dynamics and all
standard model fields. For example, a simple realization
of Planck fat inflation, e.g. V = m2φ2, requires a small
mass mφ ∼ 10−5 mPl. In order to prevent quantum cor-
rections from renormalizing m up to mPl, the inflation
must possess tiny couplings to itself and all SM fields [3].
While small couplings protect m  mPl, they do not
present a satisfactory explanation for why mφ is so much
smaller than 15 mPl, which is the VEV φ must traverse
in m2φ2 inflation. One might relegate this problem to an
initial conditions puzzle [4], though a deep understanding
of what a super-Planckian ∆φ implies remains elusive [5–
12].
Similar theoretical complaints can be levied against
Planck flat inflation. In a standard realization of Planck
flat inflation, inflection point inflation [11, 13–23], there
needs to be tuning between the couplings of the cubic
and linear terms of the potential V = Aφ3 +Bφ in order
for the potential to be sufficiently flat to generate the
required number of e-folds. For a φ3 potential like the
one shown, the typical tuning required between A and B
is of order 103 [18, 23].
Putting aside tuning arguments, it can be easily
demonstrated that for a primordial tensor to scalar per-
turbation ratio r & 0.01, and for monotonically increas-
ing V , single field slow-roll inflation must be Planck fat.
The exponential expansion of a single slowly rolling scalar
field is related to its potential energy through the ratio of
its tensor and scalar cosmological perturbations. Start-
ing with the equations of motion and continuity for single
field inflation,
φ¨+ 3Hφ˙+ Vφ = 0, (1)
1
3m2Pl
(
V +
1
2
φ˙2
)
= H2, (2)
and their slow-roll approximated versions, 3Hφ˙ = −Vφ
and H2 = V
3m2Pl
, we recast the canonical e-fold integral
in terms of φ,
N =
∫ te
t∗
Hdt = m2Pl
∫ φ∗
φe
V
Vφ
dφ. (3)
Varying the Einstein-Hilbert action with respect to scalar
and tensor degrees of freedom leads to expressions for the
dimensionless primordial scalar and tensor power spec-
tra,
As =
V
24pi2m4PlV
, (4)
At =
2V
3pi2m4Pl
. (5)
Defining r ≡ At/As as the ratio of tensor to scalar modes
and using the definition of V along with the formulae for
the scalar and tensor spectra, Eqs. (4) and (5), we can
recast Eq. (3) as
∆φ
mPl
& N
√
r
8
= N
√
2V , (6)
where we assume V is monotonic increasing. Eq. (6)
is known as the Lyth Bound [24]1 or Boubekeur-Lyth
Bound [25]. For inflationary scenarios which use a sin-
gle slowly rolling scalar, large r (& 0.01) implies large
V . Assuming that V increases monotonically (until it
equals unity and inflation ends) and combining the value
of V with N ∼ 60, the Lyth Bound indicates that super-
Planckian field excursions are necessary.
However, there are steps one can take to evade or
loosen the Lyth Bound on single field inflation. The first
step is to recall that we have only observed a fraction
of the primordial scalar power spectrum [26]. The CMB
only captures the first eight of the sixty observationally
required inflationary e-foldings, which are followed by an-
other ∼ 50 e-folds we have not observed. In Figure 1 we
plot the classic, didactic picture showing the evolution of
the comoving physical scale during inflation. The small-
est scale at which primordial scalar perturbations have
been measured is k`max ∼ 0.2 Mpc−1 [27–29]. The total
number of observed e-folds implied by this smallest scale
is N = log(0.2 Mpc−1/H0) ∼ 8.
The second step is to loosen the requirements on ηV
and V . The Lyth bound assumes both ηV and V are
small and that V is monotonic increasing, neither of
which is necessary. As examined in the modified slow-roll
framework of [2], ηV can momentarily reach very large
values without disrupting inflation.
Taking both of these points into consideration, one is
lead to two-epoch potentials of the form shown in Fig. 2.
1 The small field bound of [24] assumes a scale-invariant power
spectrum. The constraint presented in this paper gives a quan-
titative bound for a non-zero spectral index.
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Figure 1. This illustration shows that the smaller, unobserved
primordial scales exited the de Sitter horizon after the larger
modes observed today in the CMB. We have also indicated
points on the comoving horizon where modes are sourced by
φ at the pivot scale φ∗, and also the point beyond which we
have not made perturbation measurements, φ`max, and finally
the point at which inflation ends, φe.
The potential initially has large, monotonically increas-
ing V (first epoch), but transitions to a nearly flat regime
causing V to plummet to small values (second epoch).
Potentials of this shape are similar to those considered
in [30, 31]. The large V in the initial epoch generates
the observed r & 0.05 and redshifted power spectrum
ns − 1 ' −0.04, while the second epoch of small V pro-
vides the bulk of the required 60 e-folds. Between the two
epochs there is a transition region where ηV and V pa-
rameters vary significantly, thereby invalidating the Lyth
Bound (when taken over all 60 e-folds). Such behavior in
V , ηV is feasible so long as these variations, which imply
observable variations in the power spectrum, hide within
the latter 50 e-folds. Since V is large only for a fraction
of the trajectory in these setups, ∆φ < mPl is possible,
and single-field, sub-Plankian models can still be viable.
The main goal of this paper is to impose further con-
straints on setups which, like these two-epoch, single field
inflation scenarios, vary V and ηV . In this study we will
consider a range of r values: 0.05 . r . 0.2. Our cal-
culations are fairly general, and the resulting bounds are
relevant for any value of r & 0.01 measured by BICEP2
or other pending experiments.
We find constraints on both the observed and unob-
served epochs. For the first epoch, conventional inflaton
models that match CMB observations struggle to remain
sub-Planckian even when we require they only generate
the ∼ 8 e-folds of observed inflation. Thus, with ∆φ
already nearing mPl, there is little room in field space
for the inflation to decelerate into the second epoch. To
further complicate things, the slight redshift in the ob-
served scalar power spectrum (ns − 1 = −0.04) suggests
that the inflaton was accelerating down the potential as
the observed CMB modes left the horizon. A realistic
sub-Planckian trajectory must not only cause this accel-
erating inflaton to decelerate just beyond the primordial
observed 8 e-folds
unobserved ~50 e-folds
Φ
V
HΦL
Figure 2. The shape of an inflationary potential is depicted,
which begins with V monotonic increasing, before abruptly
becoming flat. The flat part of the potential implies that the
slow roll parameters take very small values (V  1). This
in turn implies an increase in the scalar power spectrum for
modes outside observable (CMB) primordial scales.
scale reach of current experiments, but it must do so by a
very large amount (V  1) and rapidly. For the second
epoch, even assuming the inflaton decelerates rapidly, the
resulting tiny V poses an interesting problem. If the in-
flaton moves too slowly (V  1), the scalar power spec-
trum can become so large that it generate primordial
black holes. These primordial black holes will be over-
abundant if the primordial power spectrum is too large
for the smallest, as yet unmeasured, primordial modes.
The structure of our study is as follows: In Section II
we reexamine the lower bound recently set by Antusch
and Nolde (AN) [32] on the super-Planckian excursion of
a single slowly rolling inflaton, and find that it can be
technically evaded if |ηV | > 1 (see Dvorkin and Hu [2]).
In Section III we derive a phenomenological bound on
small field inflation, which holds for |ηV | > 1 and non-
monotonic V , by considering the Planck measurement
ns − 1 = −0.04 over the 8 observed e-folds of inflation.
In Section IV we demonstrate explicitly that simple sin-
gle field potentials normally considered will be nearly or
actually super-Planckian for 8 e-folds of inflation, when
matched with cosmological observables. Finally, in Sec-
tion V we show that even if one wished to entertain a
∆φ > 0.7 mPl trajectory as sub-Planckian, avoiding the
formation of an over-abundance of black holes requires
V to become rapidly small (but not too small), then re-
main small and constant for 40-50 e-folds, then speed up
rapidly to end inflation. We conclude in Section VI.
II. UNDERSTANDING THE ANTUSCH AND
NOLDE BOUND
Recently, Ref. [33] claimed to have found a model of
∆φ < 0.1 mPl, single field inflation consistent with a
scalar-to-tensor ratio of r ≥ 0.1 and all Planck observa-
tions, derived by fitting slow-roll parameters of the field’s
trajectory to fourth order in H˙. In response to this pa-
4per, Antusch and Nolde (AN) [32] found a relationship
between the number of e-folds achievable in a single field,
slow-roll model, and the average of the difference between
ηV and 2V over the field range of ∆φ,
∆φ
mPl
& 0.11〈ηV − 2V 〉∆φmin60
√
r
0.1
, (7)
where “〈 〉∆φmin60” indicates the average of this term over
the field range ∆φmin = φ∗ − φmin of a single, slowly
rolling inflaton sourcing 60 e-folds. We define φmin as the
value of φ where V is at its minimum along a trajectory.
Under the assumption that |ηV |  1 and V  1, this
implies that even if V is a varying function, it is not pos-
sible to achieve sub-Planckian inflation with large values
of r over 60 e-folds. The authors of the 4th order slow-
roll parameter model responded with a spirited defense,
Ref. [34].
In this paper we will not address the fitted fourth order
slow-roll model detailed in [33] and [34]. We will, how-
ever, examine the bound of Antusch and Nolde Eq. (7),
in light of the fact that |ηV |  1 is permitted over a few
e-folds in a general slow-roll framework [2].
First we review the AN Bound. The derivative of
√
2V
with respect to the inflaton, φ, is
mPl
d
dφ
√
2V = m
2
Pl
[
Vφφ
V
− V
2
φ
V 2
]
= ηV − 2V . (8)
This is integrated over φ, from a field value where V is
at its minimum, φmin, to the field value at the start of
Hubble scale inflation, φ∗,
m3Pl
[(
Vφ
V
)
∗
−
(
Vφ
V
)
min
]
= mPl
∫ φ∗
φmin
(ηV − 2V )dφ
= mPl(φ∗ − φmin) 〈ηV − 2V 〉∆φmin60 .
(9)
The final equality is a definition: the average value of
the integrand “〈〉∆φmin60” multiplied by the range of the
integral is equivalent to the integral. This quantity is
important for interpreting the AN Bound.
It remains to show that the term (Vφ/V )min may be
discarded because it is small compared to (Vφ/V )∗. As-
suming r & 0.1, and combining Eq. (4) and Eq. (5) into
r = 16V , one can easily see that
mPl
(
Vφ
V
)
∗
=
√
2V = 0.14
√
r
0.16
. (10)
On the other hand, we can set a ceiling on the value of
(Vφ/V )min,
φ∗ − φe =
∫ N∗
Ne
dφ
dN
dN =
∫ N∗
Ne
dφ
Hdt
dN = −
∫ N∗
Ne
Vφ
3H2
dN
(11)
|∆φ| = m2Pl
∫ N∗
Ne
Vφ
V
dN > m2PlNtotal
(
Vφ
V
)
min
,
(12)
where Ntotal is the total number of e-folds. In Eq. (11)
we have used the slow-roll equations of motion Eq. (1)
and continuity Eq. (2) in the third and fourth equalities.
In Eq. (12) we use the fact that the last term is smaller
than the integral it follows after, because any integral is
larger than the smallest value of the integrand multiplied
by the range of the integral.2 Then Eq. (12) implies that
(Vφ/V )min < (1/60)(∆φ/mPl), where we assume 60 e-
folds of inflation. Comparing this to Eq. (10) we see
that (Vφ/V )min can be neglected for the purposes of this
bound.
With the final observation that ∆φ ≥ ∆φmin = |φ∗ −
φmin| and combining Eq. (10) and Eq. (9), we find that
∆φ
mPl
& 0.14〈ηV − 2V 〉∆φmin60
√
r
0.16
. (13)
It is clear that for small values of ηV and V , any r greater
than 0.1 requires a super-Planckian field trajectory.
However, it is permissible for |ηV | be of order unity
over a number of e-foldings. Indeed, for the very same
Planck fat to Planck flat inflationary trajectory discussed
in Section I, this fat to flat transition occurs at the point
in the inflaton trajectory where |ηV | becomes order unity
and V becomes tiny while the inflaton sources primor-
dial modes smaller than those that have been observed.
This behavior can be seen in Figure 2. The inflaton can
come to near rest (V  1) rather abruptly, which re-
quires |ηV | & 1 over some amount of the field trajectory.
The question then becomes whether the width of the tra-
jectory in e-folds multiplied by the average large value of
〈ηV − 2V 〉 in this region is greater than ∼ O(1). If it
is, the Antusch and Nolde bound as stated does not nec-
essarily restrict these models. For example if ηV − 2V
is zero over 50 e-folds, but |ηV | > 10 over 10 e-folds,
this inflaton technically evades the bound of Antusch and
Nolde.
In Appendix A, we give an explicit example of an in-
flection point trajectory that exhibits 〈ηV − 2V 〉 & 1, a
result at odds with the AN Bound as stated. In fact, this
same inflection point behavior examined in Appendix A
also arises in polynomial fit potentials in the literature
[30, 31] which match CMB observables, traverse barely
sub-Planckian field ranges, and have r ∼ 0.1. These po-
tentials become rapidly flat when sourcing e-folds over
the smallest scales – in doing so their trajectories have
|ηV |  1 over a significant fraction of e-folds, which is
why the AN bound Eq. (13) does not apply.
2 There are some subtleties to Eq. (12), because if the smallest
value of (Vφ/V )min is negative, but (Vφ/V ) oscillates around
zero over the φ range of the integral, then it no longer follows
that |φ∗−φe| = ∆φ > |m2PlNtotal
(
Vφ/V
)
min
|, which is required
for the AN bound. An oscillation of (Vφ/V ) implies a model with
oscillating V . One example of an oscillating single field potential
is resonant non-Gaussianity [35]. We can probably exclude most
single field models with large oscillating V over the observed 8
e-folds, because this would imply oscillations of the scalar power
spectrum.
5III. A PHENOMENOLOGICAL BOUND ON
SMALL FIELD INFLATION
The AN bound is more general than the Lyth Bound
in that it allows for varying V , however it is possible
to set a stronger constraint. As we will now show, by
using some relations in the AN derivation we can set a
strong bound on small field inflation without requiring
|ηV | < 1. The bound in this paper requires only the
known measurement of ns − 1 over the observed 8 CMB
e-folds [1, 27, 29] and holds for any theory of inflation
with a spectral index sourced by first and second order
slow-roll parameters. The bound hinges on the fact that
while for a generic theory, ηV − 2V may vary, for a red
spectral index this quantity must average to less than
one-third the measured value of ns− 1 over the observed
8 e-folds of primordial scalar modes. There is prior work
bounding the field range of a single inflaton by incorpo-
rating the spectral index of primordial scalar perturba-
tions [36], although the form and interpretation of the
bound in this work differs from that of Ref. [36].
We begin our derivation by reiterating Eq. (9), and
noting that for this bound we will not discard (Vφ/V )min,
m2Pl
[(
Vφ
V
)
∗
−
(
Vφ
V
)
min
]
= (φ∗ − φmin) 〈ηV − 2V 〉∆φmin8 , (14)
where we note that for this bound, we will only consider
the observed 8 e-folds of inflation, so 〈ηV − 2V 〉∆φmin8 is
the average value of ηV − 2V over the observed 8 e-folds
of the CMB.
From Eq. (12) we see that ∆φNtotal ≥ m2Pl
(
Vφ
V
)
min
and mPl
(
Vφ
V
)
∗
=
√
r
8 . Hence again identifying ∆φ ≥
∆φmin = |φ∗ − φmin|, we find that
∆φ
mPl
≥
√
r
8
〈ηV − 2V 〉∆φmin8 + 1Ntotal
. (15)
It remains to evaluate 〈ηV − 2V 〉∆φmin8. To second order
in slow-roll parameters, the spectral index is ns − 1 =
2ηV − 6V . The Planck collaboration has measured the
spectral index at ns − 1 = −0.04± 0.0073 [27–29], using
modes from 8 e-folds of inflation observed in the CMB. Of
course, ηV −2V = 12 (ns−1)+V . For the argument that
follows, the most conservative bound is attained if we
assume V contributes a dominant portion of the average
value of the spectral index over the observed 8 e-folds.
Because we know ns − 1 is negative and will make the
denominator of Eq. (15) smaller, this means setting V =
− 16 (ns − 1), which leads to
〈ηV − 2V 〉∆φmin8 ≤
1
3
(ns − 1) (16)
where both terms of this inequality are negative.
Placing this inequality in Eq. (15), it follows that for
a negative spectral index,
∆φ
mPl
≥
√
r
8
1
3 (ns − 1) + 1Ntotal
. (17)
Note that Eq. (17) yields the Lyth Bound in the limit
ns − 1 → 0. Inserting the measured 8 e-folds and the
spectral index into Eq. (17), the bound on small field
inflation is
∆φ
mPl
≥ 1.00
√
r
0.1
. (18)
This bound relies only on inflation occurring over the
measured 8 e-folds, and not on any particular behav-
ior of V or ηV . One might wonder how varying the
Planck measurement of ns − 1 affects this bound. If we
loosen the bound by assuming a 5σ deviation from the
measured value of ns − 1, the bound barely weakens,
∆φ
mPl
≥ 0.90√ r0.1 .
This bound has interesting implications. It requires
only the measured value of the spectral index, and that
the spectral index be mainly determined by first and sec-
ond order slow-roll parameters. Insofar as the Planck
and WMAP measurements can be trusted, and we wish
to construct a theory which does not require more slow-
roll parameters than are required to fit the Planck data
[27], r & 0.05 indicates ∆φ & 0.71 mPl. Although one
may exist, we are not aware of any examples of a single
field model fitting the CMB power with a spectral index
whose average value receives predominant contributions
from third order or higher order slow-roll parameters. A
large higher order slow-roll parameter would imply large
shifts in the power spectrum which are not observed on
the CMB [1, 27, 29].
Future proposals to measure the scalar power spectrum
using µ- and i-type distortions of the CMB blackbody
spectrum forecast sensitivity to 17 e-folds [37–40]. As-
suming the scalar power spectral index on these scales
stays near ns − 1 = −0.04, this will strengthen the small
field bound of this paper to
∆φ
mPl
≥ 2.46
√
r
0.1
. (19)
The bound of this section indicates that it should be
impossible to take the simplest inflationary potentials,
calculate their observables and match them to Planck
data, and find ∆φ  mPl for r & 0.1, which we will
confirm in the next section.
IV. EIGHT E-FOLDS: SIMPLE POTENTIALS
ARE SUPER-PLANCKIAN IF r & 0.1
In prior sections we showed that for r & 0.05, single
field, slowly rolling inflationary potentials can be techni-
cally sub-Planckian if V evolves non-monotonically and
6if |ηV | becomes large or if the slow-roll parameters oscil-
late. However, the requirement that the spectral index
ns − 1 = 2ηV − 6V = −0.04 over 8 e-folds and the
bound given in Eq. (18) indicated that any such models
would have nearly Planckian field excursions anyway. In
this section we demonstrate this explicitly, by examining
some simple scalar polynomial potentials and requiring
that they match observed cosmological parameters for 8
e-folds of inflation.
As expected, we will not find any nice examples of sub-
Planckian trajectories which fit the observed 8 e-folds
of cosmological perturbations and which can be easily
patched together with an inflection point to remain sub-
Planckian over the last 50 e-folds to form a very sub-
Planckian trajectory, like the one sketched in Figure 2.
In other words, when we examine typical inflationary po-
tentials and require they remain within 2σ of WMAP
and Planck measurements of the CMB, also requiring
r ∼ 0.1 − 0.2, although a few will be marginally sub-
Planckian, they are anyway very nearly Planckian and
so do not provide a simple theory which would be per-
turbative under order one corrections at a Planck cutoff.
A. Quadratic potential
For example, consider the potential V (φ) = m2φ2.
For this potential, V = 2m
2
Pl/φ
2
∗. Since to first order
in slow-roll parameters,3 r = 16V , we can rearrange
V = 2m
2
Pl/φ
2
∗ to find φ∗ = 4mPl
√
2/r. Then we calcu-
late the number of e-folds associated with this m2φ2 po-
tential (actually, up to a constant out front, the following
expression will be generic for any potential polynomial in
φ),
N∗ = 8 =
1
m2Pl
∫ φ∗
φe
dφ
V
Vφ
=
1
m2Pl
∫ φ∗
φe
dφ
φ
2
(20)
=
1
4m2Pl
(
φ2∗ − φ2e
)
. (21)
Inserting φ∗ = 4mPl
√
2/r and solving for φe gives
φe = mPl
√
32
(
1
r
− 1
)
. (22)
Combining these formulae and enforcing r = 0.1, we find
that ∆φ = (17.89 − 16.97) mPl = 0.92 mPl.4 How-
ever, having fit r and N with φ∗ and φe, we have
no free parameters remaining to fit the spectral index,
3 We note that all calculations in this section will be done to first
order in the slow-roll approximation.
4 It is trivial to rescale the scalar field in an m2φ2 potential so
that the field range shown here as ∆φ = (17.89 − 16.97) mPl =
0.92 mPl terminates at a field value of zero. The resulting po-
tential will remain polynomial in φ.
which at φ∗ is ns − 1 = −0.025, more than 2σ away
from the Planck result. Increasing r to 0.2 results in
∆φ = (12.65 − 11.31) mPl = 1.34 mPl. Regardless, we
see that to match m2φ2 to the observed 8 e-folds of in-
flation, if we also require r = 0.1 and that the field range
remain sub-Planckian, we do not have enough free pa-
rameters to comfortably match the value of ns measured
by Planck.
B. Power law potential
Finding that m2φ2 fails to reproduce CMB observ-
ables over 8 e-folds while remaining sub-Planckian, we
can ask whether any single polynomial term can repro-
duce the primordial scalar perturbations observed, with
r & 0.1. We will see that allowing n to vary in a general
power-law potential of the form V (φ) = λφn, where the
energy dimension of λ is given by [λ] = 4 − n, barely
allows both ns and r to be fit for a polynomial poten-
tial sourcing 8 e-folds. For a generic power law potential,
V = n
2m2Pl/(2φ
2
∗), so
r =
8n2m2Pl
φ2∗
. (23)
Finding the spectral index to first order in V and ηV
gives
ns = 1 + 2ηV − 6V = φ
2
∗ − n(n+ 2)m2Pl
φ2∗
. (24)
Since there are 2 observables, ns and r, we can solve
for both n and φ∗ (using ns = 0.96). Then relating the
number of e-folds to φe gives
N∗ = 8 =
1
m2Pl
∫ φ∗
φe
dφ
φ
n
=
1
2nm2Pl
(
φ2∗ − φ2e
)
. (25)
From this it follows that
φe =
√
φ2∗ − 16nm2Pl. (26)
For r = 0.1, n = 0.919 and ∆φ = 8.22 − 7.27 mPl =
0.95 mPl. This result is at first surprising, because it is
at odds with the aforestated bound of Eq. 18. However,
we note that we have found a model where ns−1 = −0.04
at φ∗. At φe, ns − 1 ∼ −0.03 – which makes the bound
given in its full form in Eq. 15 weaker, because ns− 1 no
longer averages to −0.04 over the field range. Neverthe-
less, this model falls within ∼ 2σ of the Planck result.
Hence we see that the simplest polynomial potential for
r = 0.1, which barely fits bounds on the spectral index
and power spectrum over 8 e-folds, is nearly linear in φ.5
5 For r = 0.2, the viability of a simple sub-Planckian polynomial
inflation no longer holds at all. For r = 0.2, n = 3.40 and
∆φ = 21.51− 20.20 = 1.31.
7Finally, we note that for this type of potential, the scalar
perturbation amplitude As can be fit with the parameter
λ.
A number of common inflationary potentials and their
field range over 8 e-folds are included in Appendix B.
The smallest field range obtained for a potential which
fits Planck observations at φ∗ is that of an exponential
potential, where ∆φ can be as “small” as 0.89 mPl over
8 e-folds. Once again, the apparent departure from the
bound given in Eq. 18 is actually a result of the spectral
index not averaging to ns − 1 = −0.04. We see that
generic single field inflationary potentials with r & 0.1 are
only sub-Planckian if ns is bluer than Planck indicates.
V. BOUNDS ON SMALL FIELD INFLATION
FROM PRIMORDIAL BLACK HOLES
We showed in earlier sections that, while the first pe-
riod of inflation produces the perturbations we have ob-
served in the CMB, a substantially different second in-
flation would be necessary in order to account for both a
small inflaton field range and the total flatness and causal
connection of the horizon we observe. It should be em-
phasized that the model building goal in such a setup
would be to fit both epochs of inflation into a single field
model which transits a sub-Planck field range. Despite
the complexity implied, if we continue the quixotic task
of patching together a model of barely sub-Planckian in-
flation which fits observation, we next need to find what
constraints can be put on the unobserved 50 e-folds of
inflation depicted in the latter half of Figure 2.
Over these 50 e-folds, V must become small for ∆φ
to remain sub-Planckian. Because As ∝ V (φ)/V , this
second inflation epoch tends to have large power. Too
much power at any given k has been shown in Ref. [41]
to result in abundant underinflated patches of space that
seed primordial black holes during reheating. The pri-
mordial black hole abundance is constrained across an
immense range of scales via astrophysical surveys of grav-
itational lensing, black hole evaporation, or an overclosed
universe [41–47]. In this section we will use these con-
straints to limit the maximum energy scale for a second
inflationary period with a fixed sub-Planckian inflaton
field range ∆φ < mPl.
To derive an energy-level bound, we will make the sim-
plifying assumption that the slow-roll parameter V is
constant across the fifty, as yet unobserved e-folds of in-
flation. For constant V , we can then apply the Lyth
Bound [24] to the second epoch to relate the amount of
∆φ traversed in the second epoch to V ,
∆φ
mPl
& N
√
r
8
= N
√
2V . (27)
Note that the ∆φ calculated in this equation will be in
addition to the ∆φ traversed during the observed 8 efolds
of inflation. We recast (27) to find that for a constant
V , V = (
∆φ√
2mPlN
)2.
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Figure 3. The bound on total scalar curvature perturbations
from primordial black hole formation is shown, which ranges
from k ∼ 10−2−1023 Mpc−1, (adapted from [41]). Under the
assumption that the slow-roll parameter V remains fixed, the
implied level of primordial scalar power is shown for 50 e-folds
of inflation at energy scales V 1/4 = 2.1× 1016 GeV and 1016
GeV, for single field ranges ∆φ ∼ 10−2 − 10−3 mPl as indi-
cated.
The simplest bound we can derive is on As itself, i.e.
assuming that the second epoch of inflation is scale-
invariant. Using Eq. (27) and following [41–47], for a
fixed sub-Planck inflaton range ∆φ and a fixed energy
scale of inflation V , black hole abundances limit the level
of primordial scalar perturbations to be less than
As =
V N2
12pi2m4Pl∆φ
2
. 10−2. (28)
In Figure 3 we compare primordial black hole bounds
on scalar power to the levels of scalar power implied by
fixed values for V and ∆φ which permit a 50 e-fold sub-
Planckian field excursion for a single field during the un-
observed portion of inflation.
The recent BICEP2 measurement of r & 0.1 implies
that the scale of inflation is approximately 2.1±0.2×1016
GeV [1]. Taken at face value, Figure 3 indicates that the
50 additional e-folds of inflation necessary to explain the
structure of our universe can easily be accommodated in
a sub-Planckian single field setup at the inflation energy
scale found by BICEP2. Nevertheless, the treatment of
scalar perturbations above can be improved. As we em-
phasized in our analysis of the AN Bound in Section II,
in order to swiftly drive V to small values one must as-
sume the second slow-roll parameter |ηV | is large. If |ηV |
is large, one must use a modified slow-roll formalism to
calculate the power spectrum [2].
Such a detailed treatment of the power spectrum,
which may exhibit oscillatory features during departures
from |ηV |  1 slow-roll [2, 11], requires choosing a spe-
cific potential and resorting to numerics. Since our goal
is to be model independent, we instead estimate the
field range required to transition from As ∼ 10−9 to
As ∼ 10−2 for an inflaton trajectory like that shown in
Figure 2.
8Assuming that the trajectory of the inflaton is driving
V to very small values, V can be neglected in determin-
ing the growth of the power spectrum. In this case, ns−1
is set by ηV alone, which we assume is O(1) and con-
stant. The scalar power spectrum during the transition
from small to very small V can then be approximated
by
As(k) = A0
(
k
k`max
)ns−1
' A0
(
k
k`max
)2ηV
, (29)
where k`max = 0.2 Mpc
−1 is the scale at which the CMB
measurements end. From this we can easily find the num-
ber of e-folds over which the potential transitions to a
very flat trajectory,
log
(
k
k`max
)
= Ntrans '
log
(
As(k)
A0
)
2ηV
=
16
2ηV
, (30)
where the last equality follows from assuming As(k) ∼
10−2 and A0 ∼ 10−9.
It would be useful to determine the field range ∆φ that
will be traversed during a fast transition, e.g. ηV = 1.
∆φ during this rapid diminution of V can be estimated
by taking the average of the slow-roll parameter at the
scale k`max, 
(`max)
V ∼ 0.023, and its value after the tran-
sitional period, 
(f)
V ∼ 2.4×10−9. These values of V were
both calculated with Eq. (28), assuming a fixed energy
scale for inflation, V = 2.1× 1016 GeV. Taking an inter-
mediate value of V ∼ 10−5 and estimating the required
field range to transition to 
(f)
V ∼ 2.4 × 10−9 for ηV = 1
(which amounts to calculating ∆φ for V ∼ 10−5 over 8
e-folds), yields ∆φtrans < 0.05 mPl. The same calculation
done for ηV > 1 will of course result in an even smaller
field range.
Combining this ∆φtrans with the ∆φ values from the
first 8 e-folds, we see that it is technically possible to
construct an inflaton trajectory which sources 50 e-folds
over unobserved, small scales, with the inflaton remain-
ing sub-Planckian in field range, and the power spec-
trum remaining below the maximum level set by primor-
dial black hole bounds. Nonetheless, we note that the
required trajectory will need to exhibit four distinct fea-
tures: (1) V and ηV must begin at values consistent with
Planck and WMAP measurements, (2) |ηV | must become
large to drive V to small values, (3) ηV must become
nearly zero again to prevent V from becoming too small
and violating primordial black hole constraints,6 and fi-
6 We note that, as As is proportional to V , a second way to amelio-
rate excessive power is to arrange for V in the second epoch to be
much lower than in the first, i.e. that the second era of inflation
occurs at a different, lower energy scale [48–51]. The potential
could safely drop to this second energy scale after the observed
GUT scale inflationary period, without upsetting current cosmo-
logical observations. We do not address this possibility at any
length, because we have shown that assuming a rapid transition
(ηV ∼ 1) to V ∼ 10−9 is sufficient for the total field range to
remain sub-Planckian.
nally (4) |ηV | must become large again, so that V can
become large and inflation can end rapidly. The fourth
feature is necessary, for if on the contrary, inflation ends
with V slowly growing, even without considering the rest
of the inflaton trajectory, this alone will imply a Planck-
ian field range for the inflaton.7
VI. CONCLUSION
For the first thirty years of primordial cosmology, a
set of classical gravitational inconsistencies (chiefly hori-
zon and flatness) led to the proposal of a new quantum
phenomenon, the inflaton, with concomitant quantum
predictions, scalar and tensor primordial perturbations.
With precise measurements of both sets of perturbations
now apparently present, one could argue that it is time to
turn the tables and solve the problem of super-Planckian
quantum fields by adding complicated (i.e. multi-epoch)
classical inflation trajectories.
In this work we have shown that for r & 0.1, there is no
simple inflaton trajectory which allows for sub-Planckian,
single field inflation, once phenomenological constraints
on a single inflaton’s trajectory are taken into account.
The measurement of the spectral index over the 8 ob-
served e-folds on the CMB alone implies
∆φ
mPl
≥ 1.00
√
r
0.1
, (31)
for any theory with a spectral index describable by ηV
and V over the measured 8 e-folds of inflation. As indi-
cated in Eq. (31), this constraint is strong for any large
value of r & 0.05 and not tied to the exact value reported
by the BICEP2 experiment. Further, this constraint will
tighten with each future measured e-fold of small scale
primordial perturbations, assuming those measurements
do not show the power spectrum swiftly rising. Depar-
tures from this bound will require contriving (and ar-
guably overfitting) single field models with spectral in-
dices that depend on higher-order slow-roll parameters.
If one wishes to construct a potential which remains
barely sub-Planckian for r ∼ 0.1, there are even more
contrivances to be addressed.8 First, the inflaton tra-
jectory must be non-monotonic in V . Second, the tra-
jectory must shift from a curved trajectory typically as-
sociated with large field inflation to a very flat trajec-
tory typically associated with inflection point models,
in order to both fit cosmological perturbations over the
7 We note that the behavior described here is particular to models
attempting to fit high field behavior, a sub-Planckian field range,
and all cosmological observations. This should not be confused
with the behavior of simple inflection point models, for instance
the one outlined in Appendix A, which easily comes to an end
after the inflaton rolls through the inflection point.
8 And other bounds on small field inflation, see especially Ref. [52]
and Ref. [53].
9observed 8 e-folds, and remain sub-Planckian over the
remaining 50. Third, to remain sub-Planckian, these
remaining 50 e-folds require that V remain fixed and
small. Even then, one must be careful not to run afoul of
primordial black hole abundance constraints, which re-
quire the power spectrum remain less than ∼ 10−2 for
k ∼ 0.2 − 1022 Mpc−1. This last concern can be alle-
viated if a second epoch of inflation occurs at a smaller
energy scale, because the results of Planck and BICEP2
do not forbid inflation at lower energy scales for the fi-
nal 50 e-folds, during which the primordial modes are
smaller than those we have measured at Hubble scale.
Such models are typically called double or multiple infla-
tion [48–51], often motivated by SUGRA inflation or hy-
brid potentials. Finally, one contrivance left unexplored
in this work is that V will have to increase again in order
for inflation to end.
Apparently for r & 0.1 one cannot salvage a simple
perturbative quantum field theoretic description of a sole
inflaton which has order one couplings to other fields and
a Planck scale cutoff. Still, multifield, sub-Planckian in-
flation leaves ample room for retreat if theorists wish to
pursue models with large arrays of sub-Planckian rang-
ing scalar fields [54–58], or more recent proposals of a
few scalar fields twisting inside a sub-Planckian patch
of multi-scalar field space [59–62]. On the other hand,
proposals of shift-symmetric inflaton potentials trans-
posed from UV completions of gravity [63–76], deserve
more careful attention if the results of BICEP2 are con-
firmed. Rather than merely assuming the inflaton is
weakly-coupled, we may wish to consider what Planck-
scale symmetries may be manifest in a measurement of
r & 0.1.
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Appendix A: An Inflection Point Potential with
|ηV | > 1
In this appendix we demonstrate examples of Planck
flat trajectories for which |ηV −2V | becomes sufficiently
large so as to avoid the bound of Antusch and Nolde.
We also demonstrate how the use of these flat poten-
tials to generate the remaining, observationally required
e-foldings of inflation may lead to such a small V that
the power spectrum becomes unacceptably large.
Inflection point inflation is the flat inflation archetype.
Because it is easy to realize, it has been studied ex-
tensively in string compactifications [14–16] and parti-
cle physics models [13, 17, 20, 21]. When two critical
points of the potential degenerate, for example when
Vφ ≈ mPlVφφ ≈ 0, the leading term in the potential’s
Taylor expansion is cubic in φ. The tiny plateau which
results affords arbitrarily many e-foldings of inflation at
the cost of tuned couplings in the potential [18]. Impor-
tantly, inflection points can serve as a dynamical attrac-
tor [11, 77]; the nebulous fat tuning between high field
values and small couplings inherent in initial conditions
is traded for a potential with concrete tuning of couplings
required to create the inflection point. For an in-depth
discussion of these details see Refs. [11, 23].
Of course, both scenarios are possible. Planck fat in-
flation can precede a period of inflection point inflation.
Such a transition to inflection point inflation can induce a
rapid but large change in the slow-roll parameters. This
“hop” away from the slow-roll attractor is induced by the
smooth change from the power law trajectory of the fat
inflation to the trajectory of the flat case. The magni-
tude of the hop — and by extension an induced spike in
the slow-roll parameters — is directly related to the field
velocity near the inflection point. In the present case,
this velocity depends on both how the inflaton exits the
fat stage of inflation. The tensor-to-scalar ratio induces
a field velocity,
1
mPl
dφ
dN
=
√
r
8
. (A1)
The ratio of couplings in the scalar potential determine
how fast the kinetic energy of the inflaton redshifts with
expansion. If either the velocity in (A1) is too large, or
the redshifting is too slow, the field will overshoot the
inflection point and a second phase of inflation generi-
cally will not occur. Fortunately for the present work,
overshoot is not generic — the inflection point possesses
a basin of attraction in phase space. In other words, for
a range of initial inflaton velocities, as the inflaton moves
across the inflection point, inflation will occur. The closer
to the boundary of this basin of attraction the inflaton
is as it exits its fat phase, the larger the “hop” in the
slow-roll parameters, see Refs. [78, 79].
We demonstrate this in the specific case of a quartic
potential tuned to have an inflection point
V = V0
(
1
4
φ4 + αφ3 + λφ
27
4
α4 +O(λ)
)
. (A2)
As with all inflection point models, this tuning can be
made explicit by a small linear coupling which directly
relates to the number of e-foldings generated. Note also
that V0 is set by the potential during the fat phase. Let
us now consider some particular examples. For r = 0.1,
(A1) gives an initial field velocity 1mPl dφ/dN ≈ −0.158.
The initial VEV of the inflaton will be represented by φ0.
For α = 0.3 mPl and φ0 = 0.1 mPl, one finds forty
e-foldings of flat inflation when λ ∼ 1.35× 10−5 m3Pl. In
this case the power spectrum settles in to the fairly high
value of As ∼ 4×10−4 within four e-foldings. If fifty extra
10
e-foldings of inflation were required, λ ∼ 8 × 10−6 m3Pl
and As ∼ 8 × 10−4. In these cases the average value of
|ηV − 2V | is around 2.
Decreasing α to 0.289 mPl decreases the redshifting
ability of the potential and so λ must be smaller. To
achieve fifty e-foldings, λ ∼ 8 × 10−6 m3Pl and As ∼
2× 10−3. In this case the average value of |ηV − 2V | is
around 1.4.
Decreasing α further is difficult because we pass out
of the basin of attraction of the inflection point. This
demonstrates an important difficulty in realizing the fat-
flat transition: the cubic coupling must be rather large.
In any case, for α = 0.275 mPl and λ = 2 × 10−6 m3Pl,
nearly fifty e-foldings are produced and As ∼ 0.07. For
an extra sixty e-foldings, the power spectrum violates the
black hole bound of Sec V.
In Figs. 4 and 5 we give a sample of the AN parameter
|ηV − 2V | for α = 0.275 mPl, λ = 2× 10−6 m3Pl and its
associated power spectrum.
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Figure 4. The second logarithmic derivative of the Hubble
parameter with respect to N , which corresponds to the slow-
roll parameter combination ηV − 2V used in the Antusch-
Nolde discussion, is plotted as a function of e-folding. The
inflaton evolves under the potential (A2), with α = 0.275 mPl
and λ = 2 × 10−6 m3Pl, generating fifty e-foldings of Planck
flat inflation. Note the sharp, order unity drop at the onset
of inflection point inflation.
In summary, the transition from fat to flat inflation
is admissible provided one can engineer a potential to
transition to inflection point inflation with about φ0 ∼
0.1 mPl of field excursion remaining. This requirement
is due to the field velocity required to generate the ob-
served tensor modes during the Planck fat phase. As dis-
cussed in the main text, this is a highly nontrivial feat.
Demanding a smaller φ0 pushes the system out of the
basin of attraction for the inflection point. Being closer
to the basin wall means a sharper decline in field veloc-
ity, which can bring the power spectrum fatally close to
the black hole bound. Moreover, physical considerations
which determine the number of required e-foldings, like
the reheating temperature [80], will also be constrained
by the black hole bound of the power spectrum. In sum-
mary, inflection point inflation fits, but just barely.
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Figure 5. The primordial, scalar power spectrum associated
to the dynamics shown in Fig. 4 is plotted. The inflaton
evolves from the observed value of 10−9 under the potential
(A2), with α = 0.275 mPl and λ = 2× 10−6 m3Pl, generating
fifty e-foldings of Planck flat inflation. Note that it attains a
value precariously close to the bound from primordial black
hole generation, near 10−2.
Appendix B: More Potential Field Ranges for 8
e-folds
In this appendix we continue the program of Section
IV, examining simple sub-Planckian potentials which
may achieve r = 0.1, 0.2 and ns − 1 = −0.04 at φ∗. We
reiterate that any apparent deviation of the results from
Eq. 18 results from a spectral index increase between φ∗
and φe.
1. Exponential potential
Another simple potential, the exponential potential
with V (φ) = Λ4 exp (−λφ), has V = λ2/2 and thus
λ =
√
r/8. Following the same procedure as in Section
IV gives
N = 8 =
1
mPl
∫ φ∗
φe
dφ
λ
=
1
λmPl
(φ∗ − φe), (B1)
so ∆φ = 8λmPl = mPl
√
8r. For r = 0.1, ∆φ = 0.89 mPl,
and for r = 0.2, ∆φ = 1.26 mPl.
2. Starobinsky potential
For Starobinsky inflation with a potential of the form
V (φ) = 34µ
2
(
1− exp
(
−
√
2
3
φ
mPl
))2
,
V =
4
3
(
exp
(√
2
3
φ
mPl
)
− 1
)2 . (B2)
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Using r to solve for φ∗ as before gives
φ∗ = mPl
√
3
2
log
(
1 +
8√
3r
)
, (B3)
and
N = 8 =
1
4mPl
(√
6(φ∗ − φe) + 3e
√
2
3φe − 3e
√
2
3φ∗
)
(B4)
Matching r = 0.1 gives ∆φ = 3.72−2.75 mPl = 0.97 mPl.
3. Symmetry breaking potential
For a symmetry breaking potential of the form V (φ) =
Λ4
(
1− φ2µ2
)2
,
r =
128φ2
(µ2 − φ2)2 . (B5)
Since there are 2 parameters in V , we can calculate ns:
ns = 1+2ηV−6V =
µ4 − 2µ2 (φ2 + 4m2Pl)+ φ2 (φ2 − 24m2Pl)
(µ2 − φ2)2 .
(B6)
For r = 0.1, ∆φ = 16.16− 15.21 mPl = 0.95 mPl.
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